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Fuel-optimal three-dimensional trajectories from Earth to Mars for spacecraft powered by a low-thrust rocket
with variable speci� c impulse capability are presented. The problem formulation treats the spacecraft mass as
a state variable, thus coupling the spacecraft design to the trajectory optimization. Gravitational effects of the
sun, Earth, and Mars are included throughout an entire trajectory. To avoid numerical sensitivity, the trajectory
is divided into segments, each de� ned with respect to a different central body. These segments are patched at
intermediate time points, with proper matching conditions on the states and costates. The optimization problem is
solved using an indirect multiple shooting method. Details of trajectories for the outbound legs of crewed missions
to Mars, with trip times of 145 and 168 days, are shown. Effects due to variations in the trip time, departure and
arrival orbit inclinations, initial fuel mass, and power level are investigated.

Introduction

E VER since the success of lunar missions, explorations to reach
beyond the Earth–moon system and eventually to sustain habi-

tats on other planets have been inspiring the development of space
technologiesand the astronomical sciences. Low-thrust propulsion
is one of the promising technologies being extensively studied to
enhance our capability for interplanetary travel. The NASA Solar
Electron PropulsionTechnologyApplicationReadiness ion thruster
on the Deep Space 1 mission launched by NASA in October 1998
demonstrated this concept in practice. Low-thrust electric propul-
sion is more ef� cient compared to a conventional chemical rocket.
The improved ef� ciency does come at the expense of increased
mission time. Nevertheless, a compromise between the mission du-
ration and payload can be accomplished by modulating the thrust
magnitude and direction.

Chang-Diaz et al.1 present an experimentalplasma thruster being
developed at NASA Johnson Space Center. The thruster is con-
structed using compact, high-� eld, and lightweight superconduc-
tors. It uses the characteristicsof an rf heating of a neutral gas like
hydrogen to generate plasma and an electromagnetic� eld to vector
the exhaust.The device is projectedto be capableof speci� c impulse
Isp variations within the range of 1000–35,000 s at a rated power
of 10 MW. The speci� c mass and ef� ciency of the power plant are
estimated to be approximately 6 kg/kW and 60%, respectively.

Melbourne2 documented numerous analyses on interplanetary
missions based on an unconventional low-thrust propulsion sys-
tem. In his formulation, the mission payload design and trajectory
optimization are uncoupled, that is, the fuel requirement is com-
puted after optimization. These studies focus on heliocentric trans-
fers between the spheres of in� uence of the departure and target
planets. Spiral escapes and captures are simply approximatedby as-
suming tangential thrusting. By use of a similar approach, Chang-
Diaz et al.1 have assessed the capabilities of the low-thrust vari-
able Isp plasma thruster and the feasibility of a trip to Mars. To a
greater extent, Sheppard et al.3 have conducted mission analyses
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for crewed and uncrewed Mars missions based on the same power-
limited propulsionsystem and by followingMelbourne’s2 approach
as well. Kechichian4 presents an overview of the literature on op-
timal low-thrust orbit transfer problems by utilizing equinoctial or-
bital elements as the states. A penalty function approach is used to
solve the orbit transfer problem with variable, bounded Isp.

Demonstrationsof variousnumerical techniquesfor solving low-
thrust optimization problems can also be found in the literature.
Kluever5 presents a variety of analyses using a direct shooting
method based on sequential quadratic programming. Coverstone-
Carroll and Williams6 demonstrate the use of differential inclu-
sions to determine optimal low-thrust interplanetary trajectories.
Enright and Conway7 present two variants of the direct transcrip-
tion techniques, the collocation and parallel shooting methods, for
� nite thrust spacecraft trajectoryoptimization.Scheel and Conway8

present a discretized version of the parallel shooting method to
solveminimum-timeproblems for low Earth orbit (LEO) to geosyn-
chronous orbit (GEO) and GEO to outer orbit transfers.

The following references treat interplanetary trajectory opti-
mizations by including the gravitational effects of multiple bod-
ies. Pierson and Kluever9 and Kluever and Pierson10 present fuel-
optimal lunar trajectoriescomputedby usinga combinationof direct
and indirectapproaches.In these works, a sequenceof thrustingand
coasting arcs is assumed. Solutions to three separate subproblems,
an Earth-escape spiral, a translunar coast arc, and a lunar capture
spiral, are used to initiate the search process for the optimal lunar
trajectory.Applicationof collocationand nonlinearprogrammingto
the solution of minimum-time/fuel Earth–Mars trajectories is pre-
sented by Tang and Conway.11 In their work, a patch-conic equiv-
alent approximation is used, and thrust acceleration is treated as a
constant.Vadali et al.12 present fuel-optimalplanar Earth–Mars tra-
jectories with the implementation of the propulsion characteristics
of the plasma thruster documented in Ref. 1. The numerical solu-
tions obtained using a multiple-shooting method demonstrate the
nature of the optimal thrust modulations and the improvements in
the fuel usage over current estimates.

This paper addresses the extension of work presented in Ref. 12.
It deals with the computations of fuel-optimal, three-dimensional
trajectories from a circular Earth parking orbit to a circular arrival
orbit about Mars within a speci� ed time frame, for a vehicle with
the aforementioned plasma propulsion capability. The trajectories
determined in this work simulate outbound legs of crewed missions
to Mars, launched in the year 2014. To accommodate the limits on
the Isp, the payload design is coupled to the trajectory optimiza-
tion by treating the spacecraft mass as a state variable. Unlike the
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planar optimizationproblems considered in Ref. 12, the effects due
to inclinations and eccentricities of the planetary orbits of Earth
and Mars are taken into account in the three-dimensional trajec-
tory computations.The planetary states corresponding to a speci� c
departuredate were obtained from the ephemeridesand then propa-
gated along with the spacecraft trajectory using two-body mechan-
ics. The departure date for all of the trajectories considered in this
paper is 1 February 2014, selected based on the results of Ref. 12.
The radius of the Earth parking orbit is 1200 km and that of the
areosynchronousorbit is equal to six Mars radii. The departure and
arrival parking orbit inclinations are speci� ed. For the purpose of
analysis,trajectorieswere obtainedwith trip times ranging from 142
to 168 days, initial spacecraft masses from 420,000 to 525,000 kg,
and power levels from 10 MW to as low as 9.3 MW.

The optimization problems were solved using an indirect
multiple-shooting method. The technique employs Newton’s
method with line searches and backtracking to seek and locate a
local extremum. In spite of the sensitivity inherent in the method,
the indirect approach provides highly accurate solutions and an as-
surance of optimality. Because of the complexity involved, a num-
ber of subproblems dealing with relaxed boundary conditionswere
solved a priori, before attempting to solve for a complete Earth–

Mars trajectory. Following the approach utilized in Refs. 9, 10, and
12, simpler problems that cover only single phases were � rst solved
and then linked to initiate the search for the more complex optimal
trajectories.The solution to the complete problemsatis� es all of the
necessary conditions of optimality to numerical accuracy.

System Equations
Three sets of coordinate systems have been utilized to determine

the trajectories:a geocentricspherical rotatingcoordinate system, a
heliocentric rectangular inertial frame, and an areocentric spherical
rotating frame. The heliocentric inertial frame is shown in Fig. 1,
with the fOx; Oy; Ozg unit vectors. The x axis points in the direction of
the vernal equinox, the z axis is perpendicularto the ecliptic plane,
and the y axis is in the direction perpendicular to the x –z plane. A
planetocentric coordinate system (either geocentric or areocentric)
is shown in Fig. 2 with the fOer1

; Oeµ1
; OeÁ1

g unit vectors. In Fig. 2, planet
p represents the planet at the origin of the planetocentriccoordinate
system of interest and planet q simply denotes the other planet
orbiting the sun. In the geocentric frame, p and q refer to the Earth
and Mars, respectively,whereas in the areocentricframe, the reverse
applies. Note that the inertial frame fOx 0; Oy 0; Oz0g in Fig. 2 is aligned
with the orbital plane of planet p, with Oz 0 perpendicularto the plane.
Äp and i p are, respectively, the right ascension and inclination of
the planet’s orbit about the sun.

Trajectory Dynamics Relative to the Heliocentric Frame
The equations of motion with respect to the heliocentric rectan-

gular inertialcoordinatesystem were used in the computationof the
heliocentric transfer arc. It is emphasized, however, that the helio-
centric transfer arc can also be generated using the planetocentric
equations of motion, which will be presented later. It was found
during the course of this work that computations using only the

Fig. 1 Heliocentric inertial coordinate systems.

Fig. 2 Heliocentric and planetocentric spherical coordinate systems.

planetocentric dynamics have better convergence properties. The
heliocentric-referenced equations, therefore, were only utilized in
the early stages of the computational procedure. The heliocentric
equations are
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where
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In the preceding equations, x; y; and z; are the three position
components of the spacecraft relative to the sun.Vx , Vy , and Vz , are
the three inertial velocity components of the spacecraft; m is the
spacecraft mass; and vectors r, RE ; and RM represent positions of
the spacecraft,Earth, and Mars with respect to the sun, respectively.
The position components of the Earth relative to the sun are given
by xE ; yE ; and zE . The position of Mars is given by xM ; yM ; and
zM . The constants ¹S ; ¹E ; and ¹M are the gravitationalparameters
of the sun, Earth, and Mars, respectively. P is the power level, " is
the power plant ef� ciency, and g is the gravitationalaccelerationat
sea level on Earth. The control variables ux ; u y; and uz are related
to Isp and the two thrust angles, ® and ¯ by

8
<

:

ux
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u z

9
=

; D 1
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8
<

:

sin ® cos ¯

cos ® cos ¯

sin ¯

9
=

; (11)

The in-plane thrust steering angle ® is measured from the y axis to
the projectionof the thrust vector on the x– y plane, and the out-of-
plane angle ¯ is measured from the x – y plane to the thrust vector.
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Trajectory Dynamics Relative to the Geocentric
and Areocentric Frames

The state equations with respect to the geocentricspherical coor-
dinate system were used to describe the Earth-escape spiral:
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where r1 is the distance of the spacecraft from the Earth; Vr1 ; Vµ1 ,
and VÁ1 are the noninertialvelocitycomponentsin the radial, tangen-
tial, and out-of-plane directions, respectively; m1 is the spacecraft
mass; rS and r2 are the distances of the spacecraft from the sun and
Mars, respectively; and RE and RM are the distances of the Earth
and Mars with respect to the sun. All of the angular variables are
de� ned as shown in Fig. 2, after replacing subscripts p and q with
E and M; respectively. The control variables ur1 ; uµ1 ; and uÁ1 are
associated with the thrust in the radial, tangential, and out-of-plane
directions, respectively, as
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where ®1 is the thrust angle measured from the eµ1 axis to the pro-
jection of the thrust vector on the er1

–eµ1 plane, and ¯1 is the angle
measured perpendicularly from er1

–eµ1 plane to the thrust vector.

Equations (12–21) describe the trajectory dynamics with respect to
the areocentric spherical coordinate system as well, if subscripts
E and M are interchanged. These equations were utilized for the
computation of the Mars-capture spiral.

Optimal Control Problem
This section deals with the formulation of the optimal control

problem and the necessary conditions of optimality.

Performance Index
The objective of this work is to minimize the fuel expended in

delivering the spacecraft from a circular Earth parking orbit to a
circular orbit about Mars. With the trip time � xed and the initial
fuel mass speci� ed, the objective is equivalent to maximizing the
spacecraftmass at insertion into the Mars parking orbit. Hence, the
performance index is

J D ¡m1.t f / (22)

Dynamic Constraints
The entire Earth–Mars trajectory can be treated as having three

segments: the Earth-escape spiral, the heliocentric transfer arc, and
the Mars-capturespiral.The geocentricsegment, from t0 to an inter-
mediate time t1 , is modeled by Eqs. (12–18). Equations(1–7) model
theheliocentricsegment,from t1 to anotherintermediatetime t2. The
areocentricsegment,from t2 to t f , is describedby Eqs. (12–18), with
subscripts E and M interchanged.Corresponding to each segment,
costate equations resulting from the necessary conditions were in-
tegrated along with the state equations to compute the optimal con-
trols. Because of the complexity of the equations and limitation of
space, the costate equations are not presented in this paper. They
can, however, be obtained from Ref. 13.

Boundary Constraints
The boundary constraints are the initial and � nal conditions

that specify the departure and arrival orbits, respectively, and the
transversalityconditions at the various terminal points.

The initial conditions speci� ed with respect to the geocentric
frame at t0 for a departure orbit in the Earth’s orbital plane, that is,
the x 0– y0 plane, are

901 D r1.t0/ ¡ r0 D 0 (23)

902 D Á1.t0/ D 0 (24)

903 D Vr1 .t0/ D 0 (25)

904 D Vµ1 .t0/ C r0
PµE .t0/ ¡

p
¹E=r0 D 0 (26)

905 D VÁ1 .t0/ D 0 (27)

906 D m1.t0/ ¡ m0 D 0 (28)

where r0 and m0 are known constants. Note that a direct orbit has
been speci� ed and the initial longitude µ1.t0/ is unspeci� ed. Asso-
ciated with this set of constraints, the transversality condition13;14

on the costate (¸ is the costate vector) for µ1 is

¸µ1 .t0/ D 0 (29)

To de� ne a departure orbit at a nonzero inclination i0 relative to the
orbital plane of Earth, the initial conditions are modi� ed to be

901 D r1.t0/ ¡ r0 D 0 (30)

902 D Vr1 .t0/ D 0 (31)
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905 D m1.t0/ ¡ m0 D 0 (34)
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where i0 can bebetween0 and 180 deg,excluding0, 90, and 180 deg.
The corresponding transversalityconditions13;14 are

¸µ1 .t0/ D 0 (35)

¡2º03 r0
PµE .t0/ sin Á1.t0/

£
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.t0/ (37)

2º03 VÁ1 .t0/ C ¸VÁ1
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where º03 and º04 are the Lagrange multipliers associated with 903

and 904 ; respectively.
Similar transversalityconditionscanbe imposedat t f with respect

to the areocentricframe to specify the arrival inclinationandaccount
for terminal boundary conditions.

Intermediate Point Constraints
To ensure the continuityof the trajectory, intermediate state con-

straints are enforced at t1 and t2 . Associated with these constraints
are the costate jump conditions12;13:

¸
¡
tC
1

¢
C

£
9T

1xC

¤­­
t1

£
9¡T

1x¡

¤­­
t1

¸
¡
t¡
1
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D 0 (39)

¸
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£
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2xC

¤­­
t2

£
9¡T

2x¡

¤­­
t2

¸
¡
t¡
2

¢
D 0 (40)

where subscripts x¡ and xC represent partial derivatives with re-
spect to x.t¡

i / and x.tC
i /, respectively.They were derived based on

coordinate transformationbetween the f Ox; Oy; Ozg axes shown in Fig. 1
and the fOer1 ; Oeµ1 ; OeÁ1 g axes of Fig. 2. The constraints in their explicit
forms can be found in Ref. 13.

Optimal Control
Besides theconstraintsdescribed,the limitson the Isp are enforced

via a control-variableinequality constraint:

Ispmin
· Isp · Ispmax

(41)

With reference to the de� nition of the control vector, the preceding
inequality can also be written as follows:

1
¯

Ispmax
·

p
uT u · 1

¯
Ispmin

(42)

Accordingto Pontryagin’s minimumprinciple,14 the optimalcon-
trol minimizes the Hamiltonian subject to the constraints. To apply
Pontryagin’s minimum principle, the part of the Hamiltonian that
depends on the control variables explicitly is isolated:

H 0 D .2"P=gm/¸T
V u ¡

¡
2" P¸m

¯
g2

¢
uT u (43)

where ¸V is the velocity costate vector and ¸m is the mass costate.
Note that m is to be replacedby m1 in the planetocentricphases.The
unconstrainedoptimal control obtainedvia the � rst-ordernecessary
condition, @ H=@u D 0, is then given by

u D .g=2m¸m/¸V (44)

To ensure a minimum, the convexity condition requires that

¸m < 0 (45)

As a result, Eq. (44) de� nes the optimal control if Eqs. (42) and (45)
are not violated.

Three other conditionshave to be considered.They are situations
where the optimal Isp is on the upper or lower limits with either
¸m < 0 or ¸m > 0. For ¸m < 0, on the lower and upper boundariesof
the Isp constraint, respectively, the optimal control is given by

u D ¡¸V

.
Ispmin

q
¸T

V ¸V (46)

u D ¡¸V

.
Ispmax

q
¸T

V ¸V (47)

For situations where ¸m > 0; H 0 is minimized if
p

.uT u/ D 1=Ispmin

and u carries the sign opposite to that of ¸V . The solution for this
condition is, therefore, the same as that given in Eq. (46). Singular
arcs have not been considered in this work.

Spacecraft and Trajectory Parameters
The parameters and speci� cations used in this work were taken

from Refs. 1 and 3. The estimated power level P is 10 MW and
the power plant ef� ciency " is 0.6. The lower and upper bounds of
the Isp; Ispmin , and Ispmax are, respectively, 1000 and 35,000 s. Be-
cause the speci� c mass of the powerplantis assumed to be 6 kg/kW,
the mass of the 10-MW power plant is 60,000 kg. Considering an
estimated payload mass of 35,000 kg, the dry spacecraft mass is
approximately 95,000 kg. This value serves as the limit on the � nal
mass that determines if a particular trajectory is feasible or not. In
other words, a trajectory is deemed infeasible if the resulting � nal
mass falls below the limit. Most of the trajectoriespresented in this
paper were determined with an initial mass of 525,000 kg, a value
obtained from Ref. 3. This value of the initial mass was estimated
based on an Earth–Mars transfer that is composed of a fuel-optimal
heliocentrictransfer arc and constant thrust Earth-escapeand Mars-
capture spirals with an Isp of 1000 s.

At departure, the parking orbit is speci� ed to be circular, with an
altitude of 1200 km. The departure orbit inclination i0 is speci� ed
in the range of 0–30 deg relative to the orbital plane of the Earth.
At arrival, the spacecraft is required to establish a parking orbit of
approximately six Mars radii (6 DUM ). The range of arrival orbit
inclinations,consideredrelative to the orbital plane of Mars, is from
0 deg to near polar (88 deg). The � xed trip times of the trajectories
determined are in the range of 142–168 days.

Method of Solution
The solution to the optimal control problem posed was obtained

by treating the terminal constraints, transversality conditions, and
costate jump conditions as nonlinear algebraic functions of the un-
known parameters. These functions were evaluated on generation
of a trajectory by applying the state, costate, and control equations
with a set of guessed values for the unknowns. The system of non-
linear functionswas solved using a modi� ed Newton’s method with
line searches and backtracking. The tolerance of the constraint vi-
olation was set to be 10¡10 as the convergence criterion. The dif-
ferential equations were integrated using a Runge–Kutta–Fehlberg
Seventh-orderschemewithan accuracyof 10digits.To avoidnumer-
ical sensitivity and to accommodate the different reference frames,
appropriate canonical units for each phase of the trajectory were
utilized.15

The subproblemsthatwere solvedto generatea completebaseline
Earth–Mars trajectory are described here:

1) A 35-day maximum-energyEarth-escapetrajectorywas deter-
mined by using the cost function

J D ¡
©£

V 2
r1

.t f / C V 2
µ1

.t f / C V 2
Á1.t f /

¤¯
2 ¡ ¹E =r1.t f /

ª

The departuredate selectedwas 1 February2014.The Earth parking
orbit inclination was set at 0 deg. The initial longitude µ1.t0/ was
left free. The escape asymptote with respect to Earth was set along
the sun–Earth line, that is, µ1.t0/ D 0 deg. The geocentricdynamics
model was utilized to solve this subproblem.

2) Next, a 110-day (from day 35 to day 145) minimum-fuel he-
liocentric transfer arc was determined for a subproblem. In this
subproblem, the initial time, position, and velocity for the helio-
centric injection were obtained from the respective � nal conditions
for the Earth-escape trajectory obtained in step 1. The initial space-
craft mass was chosen to be 50% of the mass at Earth departure,
based on the solution of the planar problem.12 The � nal position
and velocity of the spacecraftwere speci� ed to be close but slightly
different from those of Mars. The cost function for this subproblem
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was J D ¡m.t f /. This subproblem was solved with respect to the
heliocentric rectangular inertial frame.

3) A 145-day minimum-fuel trajectory from an Earth parking or-
bit to the proximityof Mars was determined.The same cost function
as in step2 was used.The Earth-escapeand heliocentrictransferseg-
ments were patched together using the solutionsobtained in steps 1
and 2. The starting conditions of step 1 and ending conditions of
step 2 were used, and all of the necessary conditions as well as the
intermediate point conditions were enforced.

4) A 145-dayminimum-fuel trajectory,similar to that obtained in
step 3, was determined, with an enforced circularizationat a radius
of about600 DUM at the � nal time. The circularizationoccurs in the
plane of i f D 0 deg. Only the geocentric and heliocentricdynamics
were utilized. However, the � nal conditions were enforced with
respect to the areocentric coordinate system.

5) The circularizationradiuswas incrementallyreducedto the de-
sired value to generate a complete Earth–Mars trajectory. Only the
geocentric and areocentricdynamics were used for this series of at-
tempts.The geocentricsegment coveredthe Earth-escapephase and
most of theheliocentrictransferarcwhereasthe areocentricsegment
contained the remaining portion of the heliocentric transfer arc and
the Mars-capture spiral. It was found that convergence was better
with t1 set at approximately 132 days and when the heliocentric-
referenced equations were bypassed. The reduction of the � nal ra-
dius from 600 DUM to 6 DUM involved the solutions to nearly 100
subproblems.The baseline solution to the completeEarth–Mars tra-
jectory was used to generate trajectories with various trip times as
well as for other departure and arrival inclinations.

Results
Example Set 1

The solution to the 145-day fuel-optimal trajectory from a
1200 km parking orbit with i0 D 0 deg to a 1-SOL orbit about Mars,
with i f D 0 deg, is presented � rst. The trajectory was obtained with
an initial mass of 525,000kg and power level of 10 MW. The Earth-
escape segment for the � rst 30 days is presented in Fig. 3a. The in-
plane and out-of-plane projections of the Mars-capture trajectory,
for the � nal nine days, are presented in Figs. 3b and 3c, respec-
tively. The in-plane projection shows that the spacecraft makes a
sharp turn prior to circularizationwhereas the out-of-plane projec-
tion revealsa slightplanechangenear the end.The speci� c energyof
the spacecraft relative to Earth for the 30-day escapephase is shown
in Fig. 3d. It can be concluded from Fig. 3d that the spacecraft es-
capes the Earth’s gravitational � eld after approximately 24 days,
when parabolic speed is achieved. Numerical data reveal that the
spacecraft makes 102 revolutions about the Earth before escaping.
The energy relative to Mars for the 9-day capture phase is plot-
ted in Fig. 3e. The plot shows that the capture phase begins around
140 days from departure.Note from the in-planeprojectionthat less
than a turn is made by the spacecraft to circularize its orbit about
Mars. The Isp variation with respect to time is shown in Fig. 3f.
The Isp plot shows an initial segment of maximum thrust, followed
by modulations of the exhaust during the rest of the trajectory.The

Fig. 3a Shown in geocentric frame. 30-day escape phase of 145-day
trajectory.

Fig. 3b In-plane projection of 9-day Mars-capture segment of 145-day
trajectory.

Fig. 3c Out-of-plane projection of 9-day capture segment of 145-day
trajectory.

Fig. 3d Speci� c energy relative to Earth for 30-day escape phase of
145-day trajectory.
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Fig. 3e Speci� c energy with respect to Mars for 9-day capture phase
of 145-day trajectory.

Fig. 3f Isp variation for 145-day trajectory.

spacecraft reaches a near-coasting phase in the middle of the tra-
jectory to trim down the fuel expenditure.The resulting � nal mass
for this particular case is 99,316 kg, and an excess of 4316 kg of
propellant remains at arrival.

The effect of the mission duration on the � nal spacecraft mass
is depicted in Fig. 4 for trip times in the range of 142–168 days.
As expected, the results show that a more fuel-ef� cient trajectory
can be obtained with a relaxed mission time frame, within the lim-
its considered. Figure 4 thus summarizes the tradeoff between trip
time and fuel requirement. Note that the resulting � nal mass corre-
spondingto the 142 day trajectoryfalls below the limit of 95,000 kg,
rendering it infeasible.

The � nal mass obtained using the 168-day trajectory is
128,956 kg. Thus, an additional amount of 29,640 kg of excess
fuel remains over that for the 145-day trajectory. The Isp variation
for the 168-day trajectory is plotted in Fig. 5. The plot is similar to
that in Fig. 3f, except for the thrust modulations before escape as
indicated by the spikes in the Isp variation. This phenomenon has
also been observed for planar trajectories shown in Ref. 12. Thus,
thrust modulations can occur before escaping the Earth when the
mission time frame is suf� ciently relaxed, resulting in reduced fuel
consumption.

With the trip time � xed at 145 days, power level set at 10 MW,
and both i0 and i f speci� ed at 0 deg, the effect on the � nal space-
craft mass due to a reduction in the initial mass was investigated.
The initial mass was varied from the original 525,000 kg down to

Fig. 4 Final mass vs � ight time.

Fig. 5 Isp variation for 168-day trajectory.

420,000 kg. The variation of the � nal mass relative to the initial
mass is plotted in Fig. 6. From these results, it is surmised that a
more optimal trajectory can be achieved for this example if the ini-
tial mass of the spacecraft is approximately 480,000 kg. Moreover,
there exist feasible solutions for valuesof the initial spacecraftmass
below 420,000kg. However, due to convergencedif� culties, further
reduction in the initial mass was not attainable.

In addition to the trajectory analysis with respect to the initial
mass, the 145-day trajectory was also studied as a function of the
available power level. With the initial mass � xed at 525,000 kg and
both arrival and departure inclinationsset at 0 deg, trajectorieswith
power levels lower than 10 MW were determined. Again, due to
convergencedif� culties, only trajectories with power levels as low
as 9.3 MW could be computed. The effect on the � nal mass due to
the power reduction is shown in Fig. 7. The solid line in the Fig. 7
is a plot of the � nal mass constraint based on the 6-kg/kW speci� c
mass of the power plant. The plot shows that lower power results in
a decrease in the � nal mass, which is not a surprising result.

Example Set 2
In this set of examples, the � nal conditions were enforced for

capture at nonzero i f . Trajectorieswith a trip time of 145 days were
determined for various i f values from 0 to 88 deg. The trajectories
were computedwith all of theother parameters� xedat theirnominal
values, for example, initial mass of 525,000 kg and power level
of 10 MW. The effect on the � nal mass due to variation of i f is
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Fig. 6 Final mass vs initial mass.

Fig. 7 Final mass vs power level.

presented in Fig. 8. The plot reveals that, for the departure date
considered, higher ef� ciency is achieved by establishing a near-
polar orbit about Mars.

The in-plane and out-of-plane projections of the 7-day capture
phase, during which the spacecraft establishes an 88-deg inclined
orbit about Mars, are shown in Figs. 9a and 9b, respectively. The
path toward circularization is considerably smoother in this case
compared to that with capture at an inclination of 0 deg. The � nal
mass associated with this trajectory is 103,574 kg. This trajectory
requires4258kg less fuel than that with circularizationat an inclina-
tion of 0 deg. The enhanced fuel ef� ciency in this case is due to the
smoother terminal maneuver as compared to that with i f D 0 deg.

With the nominal initial mass and power level, and with i f D
88 deg, alternative initial conditions were applied to obtain 145-
day trajectories departing at nonzero i0 values. The resulting � nal
spacecraft masses corresponding to trajectories with departure in-
clinations up to i0 D 30 deg showed variations of the order of 5 kg
only. The inclination relative to the Earth’s equator, associatedwith
each i0 between 0 and 30 deg, were calculated based on the re-
sulting values of µ1.t0/ and Á1.t0/. It was seen that the trajectories
with i0 greater than approximately 11.5 deg resulted in equatorial
inclinations above 28.5 deg. Hence, the required parking orbits for
the trajectories with i0 greater than approximately 11.5 deg can be
achieved without predeparture plane changes, assuming launches
from Cape Canaveral, Florida, at a latitude of 28.5± .

Fig. 8 Final mass vs arrival orbit inclination.

Fig. 9a In-plane projection of 7-day capture segment of 145-day tra-
jectory with if = 88 deg.

Fig. 9b Out-of-plane projection of 7-day capture segment of 145-day
trajectory with if = 88 deg.
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Conclusions
Fuel-optimal, three-dimensional rocket trajectories utilizing the

characteristics of a variable speci� c impulse Isp plasma thruster
are presented and analyzed. Gravitational effects of the sun, Earth,
and Mars were included in the computations. The optimal control
problems were solved using an indirect multiple-shootingmethod.
For the range of � nal times considered, it is seen that higher fuel
ef� ciency can be achieved with a longer trip time. It is observed
that during the Earth-escapephase, Isp modulations result if the trip
time is suf� ciently relaxed.For the departuredate consideredin this
work, trajectorieswith near-polar inclinations relative to the orbital
plane of Mars seem to be more fuel optimal. Inclination of the de-
parture trajectory,however, shows an insigni� cant effect on the � nal
mass. From the trend of the � nal mass variation due to initial mass
reduction, trajectories with initial masses lower than 420,000 kg
at departure are feasible. They were simply not computable due to
numerical sensitivity with the method applied in this work. The in-
vestigationon the effect of reducing the power level concludes that
a lower � nal mass will result with lower power rating.Both trip time
and power levels are tradeoff factors that have signi� cant in� uence
on the � nal spacecraftmass.
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